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HINTS & SOLUTIONS

EXERCISE - IV

2n 1 1 nl/2 bis p
Sol.1 J‘ eX (ﬁcosx —ﬁsinx}dx =(q .[o cos x dx — J.n/z cosxdx, + jocos X dx
X = q {(sin x)&'? - (sin x)%,5, } + (sin x)b
1 J. e* (cos x—sinx).dx =q{(1-0)-(0-1)} +sinp-sin0=2q
20 0 ) +sinp
1 sin”~+1-x
nl4
_sj Sol.6
Sol.2 |:IM. g X2 =x-1
0 10 + sin2x
Letsint=w
nl4 . 1
_ J' cosx—sw?x z.dx I:j oW i
5 9+ (cosx +sinXx) OW4_W2+1
sin X+ cos x =t Let w2 = 7
(cos x —sin x).dx = dt
1
) dz
Sol.3  Useking and add. I = J. 2
52 -2 +1
T secx.tan x
- | (an+2b).—/—————.dx
2l ! 3 +sec? x .
_ " _1||sinx/2+cosx/2|+]|sinx/2-cosx/2]|
Letsecx =t Sol.7 1= -({ a LSinx/2+cosx/2|—|sinx/2—cosx/2|}
(sec x.tan x) .dx = dt
/4 /2
Sol.4 Use king and add. j tan~t (cotx / 2)dx + j tan~t (cotx / 2).dx
0 /4
21 = (2n + 3) jﬂ dx
1+cos” x Sol.8 Letx?=t
Letcon x =t 2 2
b
(sin x) .dx = — dt o
| = 1 J‘ dt
- 2\ (12
p+qn 2 382+ b? (t-a%)(b°-1)
Sol.5 Letl= Io | cos x| dx 2
q
= jon|cosx|dx + jp+qn|cosx | dx a’+b’
0
1 2 1 1|y,
™ P 202 -a?%) I —ad) -y "
=qjo|cosx|dx+j0|cosx|dx satepz L(E727) (b7 -1)
{-+ period of |cos x| is n} 2
T[
= q{j |cosx|dx+j |cosx|dx} D .
Sol.9 x2+2x=k+ I—(t+k)dt+ I(t+k)dt
p
= Iocos x dx 0 -«
=2k +kz+1/2
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= 2x*+4x—-(k+2k2+1)=0
D=16 +4(2k?>+ 4k + 1).2
J
D'<0
so D >0 = Real & Distinctroots V x € R.

- 1 |2a-X
sin” | 5" 4

0
(= J. (2a-4a sin? t).t (-8asint.cos t) dt
nl4

Sol.10 ] =t = x=2a-4asin’t

nl4
=a? j(leint.cost—SZsinB t.cost).t. dt

0
using king & add & then (n/4 —t) = w

0
2l = 16a? ‘[(sinw.cosw—25in3w.cosw).[§) (—dw)

nl4
nl4
| =2a2 I(sinw.cosw—25in3w.cosw).dw
0
nl4 1 2
Sol.1l u= j S X
5 (1+tanx)“ (sec”x)
1 1
PSR S N ) PO
o A+t)A+1) 2 o \1+t5 (1+1)
nl4 nl4
V= I (1+tanx)2 = I (2+sec2x+2tanx) dx
0 0

2 sinx
Sol.12 | = J.xz(

—2].dx (using by parts)
o l 9 —cos“ x
{
I

lInd letcos x =t

x2 ((1 +sin2x) — (1 + (cos 2x)) dx
(1 + sin2x).cos? x '

n/4
Sol.13 I
0

nl4
= I xz(sec2 x—secz(n/4—x).dx
0

Sol.14

Using by parts take x2 as first function

5 nl4
= X (tanx+tan(1r/4—x))‘O

nl4

-2 Ix(tanx+tan(n/4—x)) dx
0
2 nl4 nl4
T T
= — -2 | xdx+2 J. xtanx.tan| ——x |dx
16 4
0 0
T T
—=X+|=-X
{ 4 [4 j}
2 2 TE/4
T T
= — — — +2 | xtanx.tan (n/4 - x)dx
16 16 5

use king & add

a

nl4
== J. tanx(1l-tanx)
(1+tanx)

IS

nl4

[—tanx+2— 2 j.dx
1+tanx

1
Aa
O —y

nl4

_E - _E TC/4_£ dX

= (nsecx) 4(X)o 2 Il+tanx
2

=" _ T2
16

Using by parts

“I1[" () dt | d “ftydt-u|

.[o .[o() U_IO() .uo

- I: {f(u).u} du

xjox f(t) dt - | OX uf(u) du

xjox f(u)clu—joX uf(u) du

j: (x - u) f(u) du
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sol1s ——— 9 [;J = 1
) Asinx dx \5+4cosx) ~ (5+4cosx)2

1 d 1
o] I:I — — .dx
4sinx dx \ 5+4cosx
— -~ 7

' I
(By parts).

Sol.16 | = ien (\/EH/E)_dXX%

0

1
%J.énde+J.fn(l+V1 X jdx
0 0

using by parts & take
1 as lind function

1
so jlen(1+\/1 x2) dx
0

1
= x /n(1+V1-x?) ' - .[ (-x) .dx
0 5 V1-x (1+\/1—x2j

J

Let x =sin 0 & so on

Sol.17 put 1}&_1 -t :>\/;_1th = X = (2 + 1)

dx = 2(2 + 1) 2t dt

3
|= IO 4t(t? +1).tan Lt dt

J3
Io (4t3 + 4t) tanlt dt use by parts

_ 16n

-243

1/n 1/n
Sol.18 IZnL'j:OnZ J. 20063Tx.|x|dx+ I 2007cosx.| x | dx

~Ln odd -ln even
1/n
_ Lim
o] = 5 2 IZOO? €0S X.X.dXx
0
Lim 4014 sinl/n cosl/n-1 — 5007
n—oo 1/n 1/n2 -

Sol.19 I: f(g —J nx dx Leta/x =t
X

a X

= wa(t+}j.(—ma_mt].dt
0 t t
= aj'oof[ul'j.ﬂ - jwf(ulj—f”t dt
0 t t 0 t t

t=alx t=a/x&=0
© fa x)dx
—énaJ. fl—+—]—
X a) X
1
2y 332 X998 41668 g x691
Sol.20 | = j ) LA
1 1+x 1+x
- J J
even odd
1 332 1 332 666
SO I:Z.[ X 666dX+J‘L+6§6)
O1+x 0 1+ x7°%)
x3% =t & so on.
dx
Sol.21 I

0 &’ +(X - 1/x)

1 Ioo 1+1/x2)+(1-1/x2)
a? +(x —1/x)2

107 @+1/x¥).dx 7 (1-1/x%).dx
=2 @)+(x-1/x)? +I (@ —4)+(x+1/x)
0 0
let x-1/x =t let x+1/x=t
1 ) -1
Sol.22 I e/ X ginLcosx) dx
0

= I tan~tx sin‘l(sin(g —X))dx
0

1 1
= Ig.tan’lx—j x tan 1 x dx
0 0

use by parts
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Sol.27 (a) 0<x¥<x?
-2 <—(x2+x%) <-x?
4-2x2<4-x>-x3<4-x?

COSX

f(x)
j £(x). df(x) = I cos x dx

Sol.23 —— (f(x)) =

I J-\/4 x2 —x3 dX<IV4 2x?

m:sinx+c
2 1

f(x) = v/2sinx +c¢ so f(x) is periodic = sin- ( j .[ dx <T7=sin"'—
o V4- x2 \/_ ‘/_
t sinx dt
Sol.24 fx)= [ — . T x
7, Sin“x +(t-cosx) < I dx < 72
0 \/4 —x%_x3 42
sinx t—cosx !
= — -1 | b f(x) = x? _
sy @0 ( Sinx J_l (b) () =eX" _x
=tan™' (tan x/2) + tan™" (cot x/2) v 2 _ _1
Case-1:0<x<n P09 = _X(ZX_1)_0:X_2
f(x) = n/2 e (2,0)<1<e?(2,0)
Case-2:n<x<2n 2 e< | < 262
f(x) = - n/2
_ T e’
sorange = 1~ 2.
1
Sol.25 f’(x) = 2x sin 1/x — cos 1/x e
integrating by parts
1/2 2
f(x) = sin 1/x.x¢ — J. cos%[—xiz}xz dx (€) -1 <cosx <1
—3<3cosx<3
J' 1 7 <10+ 3cosx<13
— | cos=dx+c
’ 11 1
1
f(x):xzsin;+c;c:O 13  10+3cosx 7
2n
1
f(x) = X2 sin — 1 Idx<|<l Idx
X 13 7 %
continious & differentiable at x = 0.
2n 2n
— <<=
X 13 7
So0l.26 g(x) = j f(t) dt
2 [ dx 1 X j
Taking different integrals @dI= 12432 = o )
-(x+2) ; —2<x<0 1
- — -1
2 =Jp tan V2
g(x) = —2+x—7 ; 0<x<1
7_)(_ 1 1<x< ~ 4\/5 ~ 0.555
Not differentiable at x = 0. always lie in the given interval.
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1 _ 15 2 1
Sol.28 y:§ [ 1 sinax-at Sol.30 f(x)_X”Io y=fly) dy +x Io yi(y) dy

0
1 1

) Let A= j y2f(y)dy &B= _[ yf(y) dy

1 ° °

y=7 I f(t) [sin ax cos at — sin at cos ax] dt

5 Now f(x) = x + Ax + Bx?

fly) =y + Ay + By?

. X X 1
— 2 2
_ smaax J' f(t).cos at dt — cos ax .[ f(t) sin at dt A= J.o vy (y + Ay + By?) dy
0 0

1
A= jo (y> + Ay? +By*) dy

X
ay _ 1 |
x - a acos axz[f(t) cos at dt + sinax(f(x) cosax
acl,A,B _3A B _1
37375 7 4 T574
X
+a sin ax I f(t) sin at dt — cos ax (f(x) sin ax) 1 R
> B= [ v-(v+Ay+By?)dy
X X A 3B 1
= cos ax jf(t) cos at dt + sin ax J.f(t)sinat dt 374 T3 e (2)  Solve(1)&(2)
0 0
A= 61 &B = 80
oy X T 119 © 119
= 2@ sin ax I f(t) cos at dt Put the value of A & B in f(x)
0
+ a cos ax (f(x) + cos ax)
, () ke
Lim \%) _ Lim X
; Sol.31 (a) L= ; = T 5 15
+a Ccos ax. _[ f(t)sintdt 5 gin ax @ Xom g(x)  X2w @2X(3x2 1 p)l/2
0
. _ for the existance of limitc—-1=0
[f(x) sinax]=—a%y +y
) 2
d &L="73 =c=1
S graysf  HP N2
X

_ IX t* dt

x ) M o Jart  (+form)
Sol.29 y= J.untdt bx — sinx
1 using L’ Hospital

— yXxInx—-x+1
| = Lim
x>0 (h—cosx)+a+X

dy _ (1

—— =yl =(XINX=X+D+/n(/nX)
dx X

for the existance of limit: b=1

dy 2
atx=e,; > =1+e Lim X
adx &L:X_)Om,/a_”( =1 = a=4
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34/x nn+1)) 1
Sol3z Lim & | _stftel L A [n-n+72 J'H
' X—>0 gy _ 2 — tim 1 _
2sin1/x (L3 +3) @ Lety=nse B, ((n+1)(n+2)...(n+n))1/n
Using Libnitz theorem
n+1
Px2+1 3 1 n+

L= aVx—3)©9x+3) 2 ¥x ) 1\, 2 )"
n([1+ nj[1+ nj....[1+ ”D

divide & multiply by x?2 & L=13.5

Sol.33 .
g ny= nLLngo {ﬂn@+21nj—rl]m [(1+ %)(h %)(n ED}

a > a 1
3
> p =(n [EJ - jén 1+ x) dx
0
(x:f(a)f = a=g() T 123 a
— Lim -2 _
B=f(b) = b=g(B) (© Let= 1, /n (n.n.n ...... nj

Lety=f(x) & x=g(y) - gistheinverse of f

dy = f'(x) dx _ Lim 1 fn[ij_,_gn[zj.;_ gn[ﬂj
= e 1 - et

I:f(x) dx+j5 a(y) dy:j:f(x)dx+j:x.f'(x)dx

1
b :j xdx=-1 A=e
1 b 0
= j {00 + X F ()} dx = [xf(x)]
a a
= bf(b) — af(a) = bp — aa S0l.35 sin X + sin 3X +.......... + sin (2k — 1)x
Sol.34 (a)  Takinglog: sin[ 2%k
- g'og: 2 ) (X @k -DX) sinkx
. ) ) oy xsin 5 = ey ,keN
my= n'—l)ngo % {én(l+ nlz]+£n[1+ r2]2]+....+én[l+ :2]} sin [7)
1 /2 sinkx nl2
————.dx=
ny= Ifn(1+x2)dx J.O sinx X .[0 Sin x dx
0 1t/2_3d 1'c/2_2k1d
y = 2el2@-4) + .[o sin 3x dx....+ J.o sin(2k +1) dx
13 1 1 1
lim = _
(b)n_ng;nJrr Sl gt bt
3n
im 1§+ r/n ) )
now o F1+(r/n) Sol.36 x. IO y(t) dt = (x + 1) J'O t.y(t) dt
3 3 . -
J‘ X dx J- x+1-1 dx Differentiating w.r.t. ‘X’
I= 0 1+x = X+1 « <
j y(t) dt +xy(x) = j ty(t) dt + (x + ) x y(x)
0 0
3 3 dx 3 3
— |dx _
—I —Ix+1—><j —ln(1+n)j N Ix(l—t)y(t)dtzxzy(x)
0 0 0 0 0
I=3-1In4 again differentiating w.r.t. ‘X’
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(1 =x)y(x) = 2xy (x) + x?y'(x)
1-3x

y'() = y(x) [ij

Integrate & puty(1)=1

€ 11
= —7 e
y(X) 3

1
Sol37 @  1,,= [ X" (- dx
g —
!
lind st

1
m+1
| :{X (1—x)“} T
' 0

m+1 m+1

1
IO Xm +l(1_ X)n*l dX

m!n!

&soon....so Im,n: Mm+n+)1°

m,neN

1
(b) o= IO &”l(,én )" dx
{
lind Ist

Sol.38 (= [ {(F(OP +(F(D)} dt+e?

differentiate both the side w.r.t. x
2f(x) £ (x) = {f()}* + {f’ (x)}*-1+0
{f(a) — 2f(x) F'(x) +{f"()¥* =0

{f0) - () =0 = f(x)="f(x)

- _[ f'i)(())()dx :j dx

Inf(x)=x+c = fx)=exc ... 1)
f(x)=ex. e
Now put x = 0 in given equation

f20)=c2 => ec=et = c=1
put c =1 in equation (1)
f(x) =ex*?

X 2
Sol.39 L [t] f'(t)dtzL [t] f'(t)dt

+ 13[t] f'(t)dt + + jmf [E] f'(t)dt
, [ FOdt+o .
wherene N&0<f<1

= J.zf'(t)dt+2.|.3f'(t)dt+3.[4f'(t)dt+ +njn+f f1(t) dt
= , S ot [

n+f
n

= [(OT +2[(O ] +3[t)]3 +..... + n[ ()]

= (1) = f(2) = f(3) .... f(n) + nf(n + f)
= —[f(1) + f(2) + .... + f(n)] + [x] f(x)

[x]
=X - D fk)
k=1

S0l.40 (FG) =F'G +FG’

=(V4 +x2 )jl\/4+t2 dt+(— 4 + x2 )j_xl 4412 dt

atx=0
(FG)'=0

Sol.41 - _[:f"'(t) (x - t)? dt
= [(x—tR O T + 2jox (x - t)f"(t) dt

[- X2 £7(0)] + 2 {[(x ~OF O + j; f(t) dt}

= _x2£7(0) — 2xF(0) + 2f(x) — 2(0)
Replace this value is R.H.S.

2 cn1 2
w - X? £7(0) = xF(0) + f(x) — f(0)
= f(x) — f(0) = L.H.S.

=xf’(0) +
Hence proved

Sol.42 (a) f'(0)=4,9'(0)=-4
f'0)=-g'(x)
Integrating = f(x) =—g(x)+c
fx)+g(x)=catx=0,c=6
sof(x) +g(x) =6
(b) Now f “(x) = f(x) — g(x)

=2f(x) -6

Integrating & using f(0) =5

f(x) = 3+ 26
& g(x) = 3-2e%*
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