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Sol.1 dx.xsin
2

1
xcos

2

1
e

2

0

x













= 
2

1
2

x

0 f(x) f '(x)

e (cosx sinx).dx



 



Sol.2 I = dx.
x2sin10
xsinxcos

4/

0







= dx.
)xsinx(cos9

xsinxcos
4/

0
2







sin x + cos x = t
(cos x � sin x) . dx = dt

Sol.3 Use king and add.

2I = 2

0

sec x.tan x
(a 2b). .dx

3 sec x



 


Let sec x = t
(sec x . tan x) . dx = dt

Sol.4 Use king and add.

2I = (2 + 3) dx.
xcos1

xsin

0
2





Let con x = t
(sin x) . dx = � dt

Sol.5 Let l = dx|xcos|
qp

0


       = dx|xcos|
q

0


 + dx|xcos|
qp

0


       = q dx|xcos|dx|xcos|
p

00  


    { period of |cos x| is }

=  q








 





dx|xcos|dx|xcos|

2/

2/

0

= dxxcos
p

0

EXERCISE � IV HINTS & SOLUTIONS

      = q








 





dxxcosdxxcos

2/

2/

0
 + dxxcos

p

0

= q {(sin x
2/

0)


 � (sin x

 2/) } + (sin x

p
0)

 = q{(1 � 0) � (0 � 1)} + sin p � sin 0 = 2q

+ sin p

Sol.6 I., = 



1

0

2

1

1xx

x1sin

Let sin t = w

I = dw.
1ww

w2
1

0
24


Let w2 = z

I = 


1

0
2 1zz

dz

Sol.7 I = 
/2

1

0

| sinx / 2 cos x / 2 | | sinx / 2 cos x / 2 |
tan .dx

| sinx / 2 cos x / 2 | | sinx / 2 cos x / 2 |


    
 

   


= 
/4 /2

1 1

0 /4

tan (cot x / 2)dx tan (cot x / 2).dx
 

 



 

Sol.8 Let x2 = t

I = 
2
1








2
ba

2
ba3

22

22

22 )tb()at(

dt

= 
)ab(2

1
22


 





















2
ba

2
ba3

22

22

22

dt.
)tb(

1

)at(

1

Sol.9 x2 + 2x = k + 






0

k

k

0

dt)kt(dt)kt(

    = 2k + k2 + 1/2
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  2x2 + 4x � (k + 2k2 + 1) = 0
D = 16 + 4(2k2 + 4k + 1).2



          D� < 0

so D > 0    Real & Distinct roots   x  R.

Sol.10 sin�1 











 

a
xa2

2
1

 = t    x = 2a � 4a sin2 t

I = 




0

4/

2 dt)tcos.tsina8(t.)tsina4a2(

= a2 




4/

0

3 dt.t.)tcos.tsin32tcos.tsin16(

using king & add & then (/4 � t) = w

         2I = 16a2 )dw(
4

.)wcos.wsin2wcos.w(sin
0

4/

3








 




I = 2a2 dw.)wcos.wsin2wcos.w(sin
4/

0

3





Sol.11 u = dx.
)x(sec

xsec
.

)xtan1(

1
2

2

2

4/

0





     u = dt.
)t1(

1

t1

1
2
1

)t1()t1(

dt
22

1

0
22

1

0





















  ...(i)

v = dx)xtan2xsec2()xtan1( 2
4/

0

2
4/

0

 


Sol.12 I = 
2

2
2|

0
I II

sin x
x .dx

9 cos x



 

 
 

 
       (using by parts)

IInd let cos x = t

Sol.13

/4 2

2

0

x ((1 sin2x) (1 (cos2x))
.dx

(1 sin2x).cos x


  



= dx.)x4/(secx(secx
4/

0

222





Using by parts take x2 as first function

= 
4/

0

2 ))x4/(tanx(tanx




� 2 dx))x4/tan(x(tanx
4/

0





= 
16

2


 � 2 















4/

0

4/

0

dxx
4

tan.xtanx2dxx























x

4
x

4


= 
16

2


 � 
16

2


 + 2 




4/

0

dx)x4/(tan.xtanx

use king & add

I = 
4


 





4/

0

dx.
)xtan1(

)xtan1(xtan

  = 
4

















4/

0

dx.
xtan1

2
2xtan

  = 
4


 (�n sec x) � 
4

 

2
x 4/

0



  





4/

0
xtan1

dx

  = 
16

2


 � 
4


 n 2

Sol.14 Using by parts

x

0

u

0

x

0

u

0
u.dt)t(fdudt)t(f1 

















 


x

0
du}u.)u(f{

=  
x

0

x

0
du)u(ufdt)t(fx

= 
x x

0 0
x f(u) du uf(u) du 

= 
x

0
(x u) f(u) du
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Sol.15
xsin4

1
 

dx
d

 








 xcos45
1

 = 
2)xcos45(

1



so   I = dx.
xcos45

1
dx
d

.
xsin4

1

III













   

(By parts).

Sol.16 I =  
2
2

dx.x1x1n
1

0

 

I = 
2
1

dx.x122n
1

0

2
 










= 
2
1

dx.x11ndx2n
1

0

2
1

0
 








 

using by parts & take
1 as IInd function

so I1 =  

1

0

2 dx)x11(n.1 

       = 
1

0

2 )x11(nx    � 

1 2

2 2
0

( x )
.dx

1 x 1 1 x




 
   

 



Let x = sin  & so on

Sol.17 put t1x    2
t1x    x = (t2 + 1)2

dx = 2(t2 + 1) 2t dt

I = 



3

0

12
dtttan.)1t(t4

  = 
3

3 1

0
(4t 4t) tan t dt


   use by parts

  = 32
3

16




Sol.18 I = n
Lim n2 









n/1

n/1 even

n/1

n/1 odd

dx|x|.xcos2007dx|x|.xsin2006

so I = n
Lim  2 

n/1

0

dx.x.xcos2007

n
Lim  4014 







 


2n/1

1n/1cos
n/1

n/1sin
 = 2007

Sol.19 dx
x

xn
.

a
x

x
a

f
0













   Let a/x = t

= dt.
t

tnan
.

t
1

tf
0








 










 

= 
  



x/at

0 t
dt

.
t
1

tfan





 







  � 

  



0&x/at

0
dt

t
tn

t
1

tf





 









= n a 
x

dx
.

a
x

x
a

f
0










 .

Sol.20 I = dx.
x1

xsin.x4

x1

xx2
1

1
odd

666

6911668

even

666

998332




 


























so    I = 2 dx
x1

x
1

0
666

332





 + dx

)x1(

)x1(x
1

0
666

666332






    x333 = t & so on.

Sol.21 2 20

dx

a (x 1 / x)



 

=
2
1







0 22

22

)x/1x(a

)x/11()x/11(
dx

          = 

2 2

2 2 2 2

0 0

let x 1/x t let x 1/x t

1 (1 1 / x ).dx (1 1 / x ).dx

2 (a ) (x 1 / x) (a 4) (x 1 / x)

 

   

 
 

  
 

     
 
 

 
 

Sol.22 


1

0

1xtan.n dx)x(cossine
1

=  


1

0

11 dx))x
2

(sin(sinxtan

= 

  
partsbyuse

1

0

1
1

0

1 dxxtanxxtan.
2 





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Sol.23
dx
d

 (f(x)) = )x(f
xcos

  dxxcos)x(df.)x(f

2
)x(f 2

 = sin x + c

f(x) = cxsin2   so f(x) is periodic

Sol.24 f(x) = 




1

1
22 )xcost(xsin

dtxsin

      = 
xsin
xsin

 tan�1 

1

1xsin
xcost










 

      = tan�1 (tan x/2) + tan�1 (cot x/2)
Case�1 : 0 < x < 

f(x) = /2
Case�2 :  < x < 2

f(x) = � /2

so range = 






 


2
,

2

Sol.25 f �(x) = 2x sin 1/x � cos 1/x

integrating by parts

f(x) = sin 1/x . x2 �  







 dxx.

x

1
x
1

cos 2
2

       �   cdx
x
1

cos

f(x) = x2 sin 
x
1

 + c ; c = 0

f(x) = x2 sin 
x
1

continious & differentiable at x = 0.

Sol.26 g(x) = 


x

2

dt)t(f

Taking different integrals

g(x) = 





















2x1;1x
2
x

1x0;
2
x

x2

0x2;)2x(

2

2

Not differentiable at x = 0.

Sol.27 (a) 0 < x3 < x2

� 2x2 < � (x2 + x3) < �x2

4 � 2x2 < 4 � x2 � x3 < 4 � x2

  dx
x24

1
dx

xx4

1

x4

1
1

0
2

1

1
32

1

0
2 









 

 sin�1

1

02
x








< dx

xx4

1
1

0
32



<
2

1
sin�1

1

02

x

  
6


 < 
24

dx
xx4

1
1

0
32







(b) f(x) = xe
2

x


f�(x) = xe
2

x
  (2x � 1) = 0  x = 

2

1

e�1/4 (2, 0) < I < e2 (2, 0)
2 e�1/4 < I < 2e2

e
2

1

e
�1/4

1/2 2

(c) �1 < cos x < 1

� 3 < 3 cosx < 3

7 < 10 + 3cosx < 13

 
13

1
 < 

xcos310

1


 < 

7

1

13

1
 
2

0

dx  < I < 
7

1
 

2

0

dx

13

2
 < I < 

2

7



(d) I = 


2

0

2
x2

dx
 = 

2

1
 tan�1 

2

x
 

2

0



= 
2

1
 tan�1 2

  
24


   0.555

always lie in the given interval.
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Sol.28 y = 
a
1

  

1

0

dt)tx(asin)t(f

y = 
a
1

 
x

0

f(t) [sin ax cos at � sin at cos ax] dt

          = 
a
axsin
 

x

0

axcosdtatcos.)t(f 
x

0

dtatsin)t(f

        
dx
dy

 = 
a
1

x

0

a cos ax f(t) cos at dt sinax(f(x) cosax








+ a sin ax 
x

0

f(t) sin at dt cos ax (f(x) sin ax)



 




= cos ax  

x

0

axsindtatcos)t(f 
x

0

dtatsin)t(f

  2

2

dx

yd
 = � a sin ax 

x

0

dtatcos)t(f

+ a cos ax (f(x) + cos ax)

+ a cos ax . 
x

0

dttsin)t(f  + a sin ax

[f(x) sin ax] = � a2y + y

 2

2

dx

yd
+ a2y = f(x)  HP.

Sol.29 y = 
x

1

dttn.1 

= xx ln x � x + 1

dx
dy

 = y 







 )xn(n)1xxnx(

x
1



at x = e ; 
dx
dy

 = 1 + e

Sol.30 f(x) = x + x  
1

0

1

0

22
dy)y(yfxdy)y(fy

Let  A = 
1

2

0
y f(y) dy  & B = 

1

0
dy)y(yf

Now f(x) = x + Ax + Bx2

f(y) = y + Ay + By2

A =  
1

0

22
dy)ByAyy(y

A =  
1

0

423
dy)ByAyy(

A = 
1

3
 + 

3

A
 + 

5

B
    

3A

4
 � 

5

B
 = 

4

1
  ....(1)

B =  
1

0

2
dy)ByAyy(.y

3

A
 � 

4

B3
 = � 

3

1
      .......(2) Solve (1) & (2)

A = 
119

61
 & B = 

119

80

Put the value of A & B in f(x)

Sol.31 (a)  L = x
Lim  )x('g

)x('f
 = x

Lim  2/12x2

cx2

)1x3(e

2
x
c

xe













for the existance of limit c � 1 = 0

& L = 
2

3
  c = 1

(b) 0x
Lim
  

2x

0

t dt

a t

bx sinx





 ( form)

using L� Hospital

L = 0x
Lim
  

xa)xcosb(

x2



for the existance of limit : b = 1

      & L = 0x
Lim
  

)xcos1(
x2


xa   = 1    a = 4



DEFINITE INTEGRATIONPage # 40

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053,  www.motioniitjee.com, email-info@motioniitjee.com

Sol.32 x
Lim

dx
d





x3

x/1sin2
2

4
dt

)3t()3t(

1t3

Using Libnitz theorem

L = 
x

1.
2
3.

)3x9()3x3(

1x3 25





divide & multiply by x2  &  L = 13.5

Sol.33





a

b

f

g

 = f(a)     a = g()
 = f(b)    b = g()
Let y = f(x)  &   x = g(y)     g is the inverse of f
dy = f �(x) dx

    



 dy)y(gdx)x(f

b

a
=  

b

a

b

a
dx)x('f.xdx)x(f

=  
b

a
dx)}x('fx)x(f{  = 

b

a
xf(x)  

= bf(b) � af(a) = b � a

Sol.34 (a) Taking log :

n y = n
Lim

n
1






















































2

2

2

2

2 n

h
1n....

n

2
1n

n

1
1n 

n y =  

1

0

2 dx)x1(n

y = 2e1/2( � 4)

(b) 
n

lim  
n

1
 




n3

1r
rn

r

n
lim  

n

1
 

3n

r 1

r / n

1 (r / n)





I =  

3

0

dx
x1

x
 =  

3

0

x 1 1
dx

x 1

 



= 

3

0

dx  � 

3

0

dx

x 1  = x

3

0

 � ln (1 + n) 

3

0



I = 3 � ln 4

         (d) (Let) y = n
Lim n

n

A

B
=
 

1/n

n(n 1) 1
n.n .

2 n

(n 1)(n 2)...(n n)

 
 

 

  

= n/1

n
n

1....
n
2

1
n
1

1n

2
1n

n








































n y = n
Lim 3 1 1 1 2 n

n n 1 1 .... 1
2 2n n n n n

         
            

         

 

= n 








2

3
 �  

1

0

dx)x1(n

(c) Let = n
Lim  n 

n/1

n
n

......
n
3

.
n
2

.
n
1










      = n
Lim

n
1



































n
n

n....
n
2

n
n
1

n 

      = 1dxxn
1

0
  A = e�1

Sol.35 sin x + sin 3x +.......... + sin (2k � 1)x

=


















2
x2

sin

k,
2
x2

sin

×sin 






 

2
x)1k2(x

=
xsin
kxsin2

, k  N


 2/

0

2

xsin
kxsin

.dx = 
 2/

0
dxxsin

+ 


....dxx3sin
2/

0 



2/

0
dx)1k2sin(

= 1 + 
3
1

 + 
5
1

 +.......+ 
1k2

1


Sol.36 x . 
x

0
y(t) dt  = (x + 1) 

x

0
dt)t(y.t

Differentiating w.r.t. �x�


x

0
dt)t(y  + xy(x) = )x(yx)1x(dt)t(yt

x

0


  
x

2

0
(1 t) y(t) dt x y(x) 

again differentiating w.r.t. �x�
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(1 � x)y(x) = 2xy (x) + x2y�(x)

y�(x) = y(x) 2

1 3x

x

 
 
 

Integrate & put y(1) = 1

y(x) = 3x

e
 e�1/x

Sol.37 (a) Im, n = 



1

0

Ist

n

IInd

|

m dx)x1(x 

Im, n = 1m
n

)x1(
1m

x
1

0

n
1m























dx)x1(x
1

0

1n1m





& so on .... so Im, n = !)1nm(
!n!m


, m, n  N

(b) Im, n = 


1

0

Ist

n

IInd

|

m dx)xn(x 

Sol.38 f2(x) = 
x

2 2 2

0
{(f(t)) (f '(t)) } dt e 

differentiate both the side w.r.t. x

2f(x) f �(x) = {f(x)}2 + {f �(x)}2 . 1 + 0

{f(x)}2 � 2f(x) f �(x) + {f �(x)}2 = 0

{f(x) � f �(x)}2 = 0    f �(x) = f(x)

    dx
)x(f

dx)x('f

ln f(x) = x + c    f(x) = ex + c       ......(1)

f(x) = ex . ec

Now put x = 0 in given equation

f 2(0) = c2    ec = e1    c = 1

put c = 1 in equation (1)

f(x) = ex + 1

Sol.39 dt)t('f]t[dt)t('f]t[
2

1

x

1  

+ dt)t('f]t[........dt)t('f]t[
fn

n

3

2 




where n  N & 0  f < 1

   = 



fn

n

4

3

3

2

2

1
dt)t('fn....dt)t('f3dt)t('f2dt)t('f

     = 
2 3 4 n f

1 2 3 n
f(t) 2 f(t) 3 t(t) ..... n f(t)


                 

= � f(1) � f(2) � f(3) .... f(n) + nf(n + f)

= � [f(1) + f(2) + .... + f(n)] + [x] f(x)

= [x] f(x) � 


]x[

1k

)k(f

Sol.40 (FG)� = F�G + FG�

      =( 2x4  )  
1

x

2t4 dt+(� 2x4  )  
x

1

2t4 dt

at x = 0
(FG)� = 0

Sol.41   dt)tx()t('''f
x

0

2

 

= [(x � t)2 f ��(t) x

0]  +  
x

0
dt)t(''f)tx(2

[� x2 f ��(0)] + 







 

x

0

x

0
dt)t('f)]t('f)tx[(2

= � x2 f��(0) � 2xf�(0) + 2f(x) � 2f(0)

Replace this value is R.H.S.

       = xf �(0) + 
2

)0(''fx
2

 � 
2

x
2

 f��(0) � xf�(0) + f(x) � f(0)

= f(x) � f(0) = L.H.S.       Hence proved

Sol.42 (a) f �(0) = 4, g�(0) = � 4

f �(x) = � g�(x)
Integrating    f(x) = � g(x) + c

f(x) + g(x) = c at x = 0, c = 6
so f(x) + g(x) = 6

(b) Now f �(x) = f(x) � g(x)

     = 2f(x) � 6

Integrating & using f(0) = 5










x2

x2

e23)x(g&

e23)x(f


